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Local and global controlability of analytic affine control systems Z with an 
arbitrary number of controls are studied, assuming strong accessibility of E and 
codimension one of the Lie algebra T generated by the input vector fields, i.e., 
dim T’(p) = n - 1 at every p E M. Controls are assumed to have no a priori bound. 
From the study of the set H where a necessary condition for local controllability at 
a point is verified and assuming some transversality relations, an easy to verify 
geometric condition is proved: H is a submanifold and Z is locally controllable at 
every point of H outside a codimension one submanifold. A geometric suflicient 
condition for global controllability on simply connected manifolds is then obtained: 
if every leaf of T intersects the manifold H and some transversality relations 
(including those involved in the local condition) are verified, Z is globally con- 
trollable. C! 1987 Academic Press, Inc. 
INTRODUCTION AND BASIC RESULTS 
Local and global controllability of nonlinear systems are basic problems 
in the geometric theory of control systems, and have received a con- 
siderable amount of attention in the literature, references [ 1, 2, 4, 6, 7, 8, 9, 
11, 12, 13, 14, 151 containing the main results (with no attempt at com- 
pleteness). 
This article studies the local and global controllability of affrne control 
systems Z with dynamics a=f(x, U) = X(x) +C;= r u,X’(x) on the n- 
dimensional connected analytic manifold M. The methods used here are a 
development of the techniques introduced by Hunt [ll, 12, 131 and 
already studied by Bacciotti and Stefani [2] and myself [3]; in particular 
the sufficient condition for local controllability proved here is a natural 
consequence of the geometric condition of [3], and the sufficient condition 
for global controllability is then obtained taking in account the results 
presented in [2] and [14]. 
.E is said to have codimension one if the Lie algebra T generated by the 
input vector fields XI,..., x”, is such that T(p) has dimension n - 1 (as a 
vector space) at every point p in M. Denote by T the Lie algebra generated 
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by X, Xl,..., x” and let T, be the Lie algebra generated by the vector fields 
(adkX, Xi) with k 80 and i= I,..., S, where (ad’X, Y) is defined by Y, if 
i= 0, and by [X, (ad’- ‘X, Y)] for i> 0. 
It was proved in [3] that in this case a necessary condition for local con- 
trollability at a point is X(p) E T’(p) and the strong accessibility rank con- 
dition is verified at p, i.e., T,(p) = TPM. This condition will be shown to be 
also sufficient for “almost all” systems at “almost all” points; in fact we 
only have to suppose a finite number of transversality relations to be 
verified. 
Assume the strong accessibility condition and let H denote the set where 
X belongs to T, H = { p E M X(p) E T’(p) ); if H is an (n - 1 )-dimensional 
manifold (which follows from a transversality relation, and is true in 
general) and p in H is such that X(p) does not belong to T, H, then C is 
locally controllable at p. As we shall see, if X is transversal to TH, C is 
locally controllable at almost all p E H. 
This condition is much simpler to use then any other criterium of local 
controllability at a point. In particular, a characterization of C-points 
(according to the definition in [2]) is given, eliminating one of the weak 
points in the theory developed there and in [ll, 12, 131. 
In [2, 11, 12, 131 global controllability has been shown to depend on the 
existence of points in every leaf of T’ where the system is locally con- 
trollable, but no easy method of verifying that condition was given. 
It is easy to see that for a simply connected state space no such points 
exist if H does not intersect the leaf, but to have a sufficient condition we 
would need to have a nonempty intersection with the subset of H where C 
is locally controllable, not just with H. Here a better sufficient condition is 
presented: if H intersects all leaves and if, besides the transversality con- 
ditions already considered, H is transversal to T in a sense to be made 
precise later, then C is globally controllable. Again we have an easy to 
check condition, as can be seen from the examples at the end. 
The definition of local controllability adopted here will be the following: 
C is said to be locally controllable at p E M if for every neighbourhood U 
of p the set A( p, U) of the points attainable from p in positive time without 
leaving U contains p in its interior. 
A(p, U) is defined as the set of points p’ such that there exists a 
piecewise continuous map c: [0, T] + U verifying: 
(i) c(O)=p,c(T)=p’with TELL!+ 
(ii) 3 1,, 2, ,..., t, such that O=t,<t,< ... <t,=T and c in 
]ti ~, ti[ is an integral curve of S(*, ui) for some ui fz R”. 
The admissible controls are piecewise continuous maps, and no a priori 
bound on their values in R” is assumed. 
The set of attainability from p, denoted by A(p), is defined by A(p) = 
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A( p, M), and the set A( p, T, U) of attainability from p in positive time T 
without leaving U is defined as A(p, U) but with fixed T. 
Z is locally accessible at p if A(p, 17) has nonempty interior for any 
neighbourhood U of p; it is obviously a necessary condition for local con- 
trollability at p. A necessary and sullicient condition for local accessibility 
in the analytic case is that the Lie algebra T has dimension n at p [16]. 
C is strongly accessible at p if A( p, T) = A( p, T, M) with positive T has 
nonempty interior; in the analytic case a necessary and sufficient condition 
is that the Lie algebra To has dimension n at p [16]. 
1. LOCAL CONTROLLABILITY AT A POINT 
Let C be a codimension one analytic afIine system on an analytic 
manifold M, and denote by L, the leaf of T’ containing p, and by X,(p) the 
trajectory of X passing through p at t = 0; we recall that: 
THEOREM 1.1 [3]. Strong accessibility at p and X(p) E T’(p) are 
necessary conditions for local controllability of Z at p. 
THEOREM 1.2 [3]. Let the Lie algebra T’ be such that dim T(x) = n - 1 
on an open neighbourhood U of p, and X(p) E T’(p), X(p) #O; then the 
following is a sufficient condition for local controllability at p: 
(*) X is transversal to the leaves of T’ at the points X,(p), in the sense 
that X(X,(p)) 4 T’(X,( p)), with 0 < 1 tl -C E for some positive E, and X does 
not cross L, at p, i.e., for small 1 tI X,(p) is always in the same side of L,. 
Condition (*) means that the trajectory of X through p is tangent (near 
p) to a leaf of T only at p. 
EXAMPLE 1.3. Consider the system in R2 defined by X= (1, xk), 
X1=(1,0); taking p=(O,O), we have X(p)~T(p)=span(l,O), X(p)#O 
and X,(p) = (t, tk+ ‘/(k + 1)). 
If k = 1, local controllability follows from the linear test, X’(p) and 
[X, X’](p) are linearly independent; if k > 1 one needs a higher order test: 
if k is odd we can use Theorem 1.2 to prove local controllability at the 
origin. 
The objective of this section is to show that Theorem 1.1 plus two trans- 
versality relatons implies Theorem 1.2. 
We say that X is transversal to T(XiIi T’) if taking T’ as a codimension 
one submanifold of TM and X as a map from M to TM they are transver- 
sal [lo]. Defining H as before, we have: 
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PROPOSITION 1.4. If X and T’ are transversal, H is either the empty set 
or an (n - 1 )-dimensional analytic submanifold of M. 
Proof: With the above interpretation of T, H is just the inverse image 
by X of the codimension one submanifold T of TM, and the result follows 
from standard transversality theory. 1 
X is said to be transversal to H (Xi6 H) if X as a map from M into TM 
is transversal to TH, identified with a codimension two submanifold of 
TM; alternatively if T,M is the pullback of TM to H, X is transversal to H 
if, as a map from H into THM, X is transversal to TH identified with a 
codimension one submanifold of T,M. 
Let S be the set of points p in A4 such that X(p) E TpH; of course SC H, 
and noting that S is the inverse image of TH c T,M by X taken as a map 
from H into T,M we can prove as in Proposition 1.4: 
PROPOSITION 1.5. If Xifi H, S is either the empty set or a codimension 
one analytic submanifold of H. 
Our main local result concerns the properties of the points in H-S, 
assuming the transversality relations above. 
THEOREM 1.6. If C is a codimension one system which satisfies the 
necessary condition of Theorem 1.1 as well as the transversality relations 
X& T’ and Xifi H, then C is locally controllable at every point p E H - S. 
Proof: If p E H - S, X(p) E T’(p) but does not belong to T,H and the 
trajectory of X through p crosses H at that point; in particular X(p) # 0 
and for O< ItI <s for some EE[W+, X,(p) does not belong to H and 
therefore X(X,(p)) $ T’( X,( p)). 
Now, we have to show that the trajectory of X through p does not cross 
L,; it is clear that the above transversality relations imply that H intersects 
L, transversaly at p E H - S. 
In local terms, the two sides of H correspond to the two opposite direc- 
tions of X relative to the leaves of T (note that this follows from the trans- 
versality relation X5 T), and the situation can be illustrated by Fig. 1. 
The trajectory of X through p approaches L, until it reaches p and then 
the direction of X relative to the leaves of T’ is inverted, and the trajectory 
leaves L, to the same side, therefore not crossing it. 1 
This theorem gives a precise meaning to the statement: the necessary 
condition of Theorem 1.1 is also sufftcient for “almost all” systems at 
“almost all” points. In fact, and after fixing the input vector fields x’, it 
follows from results of transversality theory [lo] that the set of vector 
fields X satisfying the given transversality relations is residual in the set of 
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FIGURE 1 
all vector fields; on the other hand “almost all” points in H do not belong 
to S, since H - S is dense in H. Note that all points in H - S are C-points 
according to [2]. 
It is important to remark that, as in [3], the same results hold if instead 
of X one assumes some associated vector field (not necessarily 
corresponding to a zero control) is not tangent to H at p; the examples at 
the end of next section clarify this situation. 
This means that usually we can redefine the submanifold S so that it has 
a codimension (in H) bigger than one, as previously considered; in fact that 
codimension can be the dimension of the subspace of T,M spanned by the 
associated vector fields. In particular, if they span the tangent space of the 
leaves, all points in S are isolated points and H is tangent to some leaf at 
all of them; if all the intersections of H with the leaves are transversal, then 
Z is locally controllable at every point where that is possible, i.e., every 
point of H. 
2. GLOBAL CONTROLLABILITY 
It is clear that if the leaves of T separate M in two disjoint open sets and 
H does not intersect a given leaf L,, then the system C cannot be globally 
controllable: X does not belong to the tangent space of L, at any point, 
and therefore we can only cross L, in one direction. We have then the 
necessary condition. 
PROPOSITION 2.1. If C is a globally controllable codimension one analytic 
affine system and the leaves of T separate M in two disjoint open sets, then 
H intersects every leaf of T’. 
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The separation property is always verified if the state space A4 is simply 
connected [S], and for simplicity we shall assume that to be the case. 
The objective here is to study conditions under which the necessary con- 
dition is also sufficient; it is proved that if some transversality relations 
(including those considered in Sect. 1) are verified in addition to the 
necessary condition, C is globally controllable, showing that for “almost 
all” systems the necessary condition is also sufficient. 
We say that H is transversal to T (Hiii T) if TH and 7” are transversal 
as submanifolds of TM. 
THEOREM 2.2. If H intersects every leaf of T’ and the transversality 
relations XiX T’, Xifi H and H& T’ are ver$ed, then C is globally con- 
trollable, 
Proof: We just need to prove that every leaf of T’ has a non-empty 
intersection with H - S, since at those points ,IC will be locally controllable 
and then global controllability follows from Theorem 5.1 in [2]. Note that 
the difference in the definitions of local controllability used does not affect 
the result. 
To begin with, let us show that we do not need to worry about the 
points p where H and the leaf L, are tangent, because each intersection 
H n L,, contains points where the two are transversal; choosing convenient 
local coordinates (x ,,..., x,-, , y) around p, the leaves of 7” (or to be 
rigorous, their intersection with the domain where the coordinates are 
defined) can be thought of as sets where y is constant. 
The tangency condition means that H can be described locally by the 
graph of a function y = $(x1,..., x,_ ,) and $ has a singularity at pl, since 
the tangent space to its graph is y = $(p’), where p’ is defined by the first 
n - 1 components of p. 
The transversality relation HS T’ implies that the singularity is non- 
degenerate, as can be verified by an easy computation; we can then use the 
Morse lemma [lo] to obtain a local form for $. 
If the Morse index of t,G is neither zero nor n - 1, the intersection of the 
graph of J/ and its tangent space contains points close to p where the inter- 
section is transversal, as we wanted to show. 
If the Morse index of t+G is zero or n - 1, all the points in the graph of $ 
close to p lie on one side of the tangent space; note that the topological 
assumption on A4 allows us to speak about sides of a leaf of T. However, 
the intersection of H with L, cannot consist only of points like that, 
otherwise all points of H be in the same side of L, and H would not inter- 
sect all the leaves of 7”. 
Therefore, given a leaf of T’ we can always choose p on it so that H and 
L, intersect transversally around p; denote by H, their intersection. The 
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associated vector fields cannot be all tangent to HP around p, as in this 
case T would not have dimension n at p, contrary to our assumptions. 
We can then say that every leaf intersects H - S, and so the system is 
globally controllable. 1 
EXAMPLE 2.3. Let C be the analytic alline control system defined on 
M=R3 by X(p)=(4, y,O), X’(p)=(y, 1, l), X2(p)=(x, LO), where 
p = (x, y, z). It is easy to see that [X1, X2] = 0 and X’, X2 are linearly 
independent; T’ is defined as a distribution by T = {(j>, u) E lR3 x R3: 
a(p).o=O} where rx(~)=(l, -x,x-y). 
Since [X, X1] = ( y, - 1, 0), there are always three linearly independent 
vector fields among X, X1, X2, [X, X1], and therefore T(p) has dimension 3 
at every point; since the dimension of T,(p) is constant on leaves of T 
[16], and is 3 at (0, 1,2) as the vector fields X1, X2, [A’, X’] are linearly 
independent here, it follows that T,,(p) has dimension three everywhere. 
ThesetHisdefinedbyH={pE[W3:CI(p).X(P)=O}={PE[W3:yz=4}; 
delining h: R3 + R by h(p) = yz-4 we see that H=h-‘(0). Since dh is 
nonzero on H, X is transversal to T and H is an analytic submanifold of 
codimension one. 
It is easy to see that Xih TH since the image of X in TM does not inter- 
sect TH; thus S= @ and .Z is locally controllable at every point of H. 
Now, c( = dg where g(p) =x - yz + z2/2 and therefore the leaf L, of T’ 
through p is given by the connected component of g- ‘( g(p)) containing p; 
L, can also be defined by the graph of x = $( y, z, k) = k + yz - z2/2, taking 
k = g(p). From this interpretation it is clear that H intersects transversally 
every leaf of T’, thus HiK T’ and consequently .Z is globally controllable, as 
R3 is simply connected. 
EXAMPLE 2.4. Let Z be the analytic affne control system defined on 
M= R3 by X(p) = (0, 0, z), X’(p) = (z’, 0, 1 ), X2(p) = (0, z, 0), where 
p = (x, y, z). It is easy to see that [X1, X2] = (0, 1, 0), all other brackets 
of A” and X2 vanish and A”, X2 are linearly independent; T is defined 
as a distribution by T={(p,u)~IW~x[W~:a(~)~u=0}, where a(p)= 
(1, 0, -z2). 
There are always three linearly independent vector fields among X1, X2, 
[[[A’, A”], A”], X1] = (6,0,0), therefore T(p) and T,,(p) have dimension 
3 at every point. 
The set His defined by H={p~R~:a(p).X(p)=0}= {p~R~:z=0}; 
defining h: [w3 + IR’ by h(p) = z we see that H= h-‘(O). Since dh is nonzero 
on H, X is transversal to T and H is an analytic submanifold of codimen- 
sion one. 
It is easy to see that (X+X’)& TH as the image of X+ X1 in TM does 
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not intersect TH, thus S= @ and C is locally controllable at every point 
of H. 
Now, tx = dg where g(p) = x - z3/3 and therefore the leaf L, of T 
through p is given by the connected component of gP ‘( g( p)) containing p; 
L, can also be defined by the graph of x = $( y, z, k) = k -z3/3, taking 
k = g(p). H intersects transversally every leaf of T, thus Hiii T’ and con- 
sequently C is globally controllable. 
EXAMPLE 2.5. Let Z be the analytic afhne control system defined on 
M= R4 by X(x) = (x,, 0, 0, x;), X’(x) = (0, LO, x:), X*(x) = (0, 0, 1,O). It 
is easy to see that [Xi, X2] = (0, 0, 0, -2x,), [[A”, X2], X2] = 
(0, 0, 0, -2) and all other brackets not involving X vanish; X’, X2 and 
[ [X’, X2], X2] are linearly independent and T is defined by B(X) = e, = 
(LO, f&O). 
Since [X, X1] = -e,, there are always four linearly independent vector 
fields among X’, X2, [X, X’] and [[Xl, X2], X2], therefore T and To have 
dimension 4 at every point. 
The set H is defined by H = {x E R4: x2 = O}; taking h(x) = x2 we see that 
H = h- ‘(0) and is an analytic submanifold of codimension one. Even 
though Xih TH it is better to use (X+ A”)& TH, since as the image of 
X + X1 in TM does not intersect TH we have S = 0, and C is locally con- 
trollable at every point of H. 
Now, c1= dg where g(x) =x, and therefore the leaf L, of T through p is 
given by the graph of x, = k, taking k = g(p). H intersects transversally 
every leaf of T, thus Hifi 7” and consequently Z is globally controllable. 
The last two examples have been considered by Hermes [7] and it is 
interesting to note that, with perhaps less work than there, it is possible to 
get much more information about the systems under consideration: in fact, 
instead of just determining the local controllability at a given point, in 
Examples 2 and 3 all points where the system is locally controllable are 
determined and global controllability is proved. 
In Example 3 we used the fact that we can substitute any associated vec- 
tor field for A’, as remarked before, to prove that C is locally controllable at 
any point of H. 
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